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Entropic Dimension for Completely Positive Maps
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We extend the concept of quantum dynamical entropy /4(y) to cover the case of
a completely positive map y. For &,(y) =0 we examine the limit

hy(N, 7, B)=lim (1/n°) Hy(N, yN,...y"~'N)

calling the turning point S, between zero and infinite A4(N, y, f) the “entropic
dimension” @,(y). The application of this theory to a solvable irreversible quan-
tum dynamical semigroup on a one-dimensional fermion lattice provides any
value of Z,(y) between 0 and 1.

KEY WORDS: (Quantum) dynamical entropy; completely positive map;
contraction semigroup; entropic dimension.

1. INTRODUCTION

Ergodic theory is a well-developed branch in mathematics that originated
from the physical motivation to understand thermodynamic behavior,
especially the approach to equilibrium. In order to make quantitative
statements about theé approach to equilibrium, the concept of dynamical
entropy turned out to be a useful tool.!!)

However, the approach to equilibrium happens on the microscopic
level, which is manifestly non-Abelian, and therefore it was necessary to
translate the concept of dynamical entropy also to the quantum case.®™
We were able to give a definition and also to calculate the dynamical
entropy for the shift and for the free time evolution.** In ref 6 the
definition was generalized from a one-parameter automorphism group to
Z’-automorphism groups, making it possible to study space translations
together with time translations.
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2 Institut fiir Theoretische Physik, Universitit Wien, Vienna, Austria.
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Already for the classical problem, Goldstein'”’ argued that the
mathematical results are better than the physicist wants them to be, in the
sense that the dynamical entropy of the free time evolution is positive.
Thus, the free time evolution is perfectly mixing in the sense of the
mathematical description, whereas the physicist expects a qualitative
improvement of mixing when the system is interacting. Goldstein”)
suggested that in order to observe a qualitative change we have to examine
a variation of the dynamical entropy, namely the entropy of the space-
time-translation group R* But in ref. 6 it is shown that at least for a lattice
system we cannot observe anything else but zero dynamical entropy of the
whole group R* To make a finer distinction between time evolution with
vanishing dynamical entropy (so, e.g., no time evolution at all) and time
evolution with positive dynamical entropy (with finite group velocity like
free time evolution), so as to find a kind of diffusion that spreads like \/;,
we have to change the definition of the dynamical entropy. We consider

lim n—lﬁ Hy(a(N),.., 2"~ (N))

and call this value of § for which the limit changes from 0 to oo the
entropic dimension of the automorphism with respect to N. For f=1 we
obtain the usual dynamical entropy.

Of course, we want to check in an example whether such a definition
can really be applied. Unfortunately, the only example of time evolutions
that are sufficiently explicit to be examined in this context are the quasifree
time evolutions, and for these § = 1. But it is also possible to carry through
the concept of dynamical entropy for contraction semigroups and here we
will give examples where any value 0 < <1 can be obtained as entropic
dimension.

2. THE DYNAMICAL ENTROPY OF A CONTRACTION MAP

In this section we give the definition of the dynamical entropy of com-
pletely positive maps on C* or von Neumann algebras. To a large extent
we only have to copy the results of ref 4; the generalization from
automorphism to c.p. maps are only minor, but for the convenience of the
reader we repeat the definitions as far as we shall need them in the
following.

We start with a UHF algebra, ie., the C*-algebra, that is obtained as
the norm limit of an increasing sequence of finite-dimensional matrix
subalgebras

o = lim ) o,

(For generalization to nuclear C*-algebras see ref. 4.)
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Let Ny,..., N, be finite-dimensional subaigebras of /. Let the state w
be decomposed into states of .of

w= Z D i = 2 Dy, wé, = Z Wy i i

P i s i, i fixed (2.1)

Definition 2.2.

H_ (N, N,)= sup [Z~w,(1)lnw, +ZZw” )Inw,(1)

w=2%5w; L [ =1 g
k

+ Z Zwi/(l)s(a)|d)i[)lN]:l
I=1 4

where S(w]d) |y is the relative entropy of the state @ with respect to @,
both restricted to N. Similarly, with y, completely positive maps (e.g., the
inclusion iy)

H (71 Pu)=SUP 3.+ -+ + 3. Y @,(1) S(woy,|dyop))

Properties 2.3. In ref 4 the following properties are shown:
1. 0SH(N)SS(o]|y)
2. H,(NYy=H,(N,N)
3. H,(N{,sN)<HN,,.,N;)for NN,
4. H (N,.,N)<Y*  H,N)
We add (compare ref. 2):
5. Let

H,(N\N)= sup } o (1)[S(0]d)|y—S(@]o)|x]

o=3 w i

Then
Hw(Nlr", Nk)gHw(Nl) + z ch(Ni\Nifl)

i=1
Proof. Taking for N,.., N, the optimal decomposition, we obtain
Hw(Nl"“s Nk~ 13 Nk) - Hw(le'--s NkAIs Nk)
< sup Y [S(elw)ly—Solo)lg,]

w=3 w |

= sup Y w{D)[S(w|d)|y,~S(@|d)|5]=HNAN,)

o= w; |
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Therefore
Hw(Nlr“’ Nk)us(Nlama Nk~17 Nk—1)+H(u(Nk\Nk—[)
:Hw(Nlr“a Nk~1)+ Hw(Nk\Nk‘l)

and by induction
k—1
SH,(N)+ Y Hy(Niy \N)
=0
6. For Nc’N, N<®N, |H,(N)— H,(N)| <ce"*[In2-d(N)]/e.*®
For the definition of =9, see refs. 2 and 4.
Now we consider a completely positive map y from &/ on o/ that
satisfies woy = w.

Definition 2.4,
1
h,(N,vy)=Ilim " H_(N,.,7" " 'N)

Remark. Due to the subadditivity (2.3), (2.4) it suffices to argue that

H,(y"N)= sup Y w,(1)S(w=y"|d;*y")|y

w=3w i

< sup Y (1) S(@] @)y =H,(N)

w=7 w

to prove that the limit in (2.4) exists and equals the infimum. The argument
runs as follows: We can now use w =Y, @, as a decomposition for H (N),
where &= w;~y". Since the @&; do not exhaust all the possible decom-
positions of w, H,(N}) is bigger than H (y"N).

Now we want to get rid of the reference subalgebra N and make the
following definition.

Definition 2.5.

ho(y)= sup ho(N, 7)

N finite dimensional
But we have even the stronger analogue of the Kolmogoroff-Sinai
theorem:

Proposition 2.6. Let N, be an ascending sequence of finite-dimen-
sional subalgebras, such that

& =n-lim | N or M =1(#)" =st-lim | | N,

k- o k— o
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Then
o) = lim o Ne, 7) = Sup (N, 7)
Continuity properties of H,(N,y) are discussed in refs. 4 and 8 in

detail. Examining the proof, we have only to use Schwarz positivity (ref. 4,
Corollary VI.4) to see if, 7, T are c.p. maps from & into .#, then

ly*Lr(a) = T(a) 12| < l[7(a) — T(a) Q||

In ref. 4 it is shown that to any finite-dimensional subalgebra N and ¢ there
exists some N, such that we can find a c.p. map 7, from N into N, with
(n—1,n)Q| <e, Vne N, and therefore with the continuity estimate of®

2dim N

(N, 7)< h (N, v)+ce*”?In

3. THE ENTROPIC DIMENSION OF A C.P. MAP

In refs. 4 and 5 it has been shown that the entropy of space trans-
lations coincides with the entropy density. By using equivalence relations,
the entropy of any quasifree evolution can be evaluated as strictly positive
in one dimension, and infinite in higher dimensions. Evidently, it is against
any physical intuition that free time evolution mixes in a qualitatively
different way in different dimensions.

On the other hand, we can consider a lattice system in one dimension,
dim N, =d, interacting with a finite-range potential. Then it is known®
that the system has finite group velocity; therefore

b
TIN[OJJ = N[—Ul,/+vt]

and, using properties 1, 2, and 6 of the entropic functional,
1
h(Ta N[O,Z]) < 8(5) +; Hw(N[Avn,lﬁ—vn]) < 2U ln d+ 8(5)

so that the time evolution in one dimension has finite dynamical entropy.
On the other hand, imagine a time evolution that behaves like a diffusion
process, such that

5
TNy < N[-u\/?,zﬂ-\/?]
Then

.1
h(t, Nio,r1) <llm; H(N[fuﬂ,wu\/;]):()

These observations inspire us to define
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Definition 3.1. Let N be a finite-dimensional subalgebra. Let
.1
lim — H,(N,..., y"N)=0, a>f

n—-owo N

and

1
lim — H,(N,.., y"N) = 0, a<f

n—-owo R

Then we call § the entropic dimension of y with respect to N: Z,{(y} = B.

Remark. 1f we consider the space translations of a v-dimensional
lattice, then it is indicated in ref. 6 that

.1
lim pr H,(N,..,d% ---a% N)=s(w)#0

So our definition is in this sense a generalization of the dimension v.
We make the following observations:

Lemma 3.2. The entropic dimension of a one-dimensional
semigroup is always <1.

Lemma 3.3. The entropic dimension of a quasifree evolution 1 in
any dimension for any finite-dimensional N is 1, so that @(r)=
sup Dy(t)=1.

This follows immediately from the calculations in ref. 5.

Lemma 3.4. The entropic dimension of the identity is zero.

Lemma 3.5. Let y be a contraction semigroup such that wey=w
and n-lim[y”"a — w(a)] =0. Then

h,(N,7)=0 and A,(y)=0

Proof. Due to the norm convergence,

lim Z w;(1) S(woy"eiy|@oy"eiy)=0
uniformly in all decompositions w =3 @, with w,(1}>¢ (which can be
assumed as argued in ref. 4).
Therefore

n—1

1 1
lim - H(N,..,y"N)<lim- Y H,(y*N)=0  for any N
n N n nk:1
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4. AN EXAMPLE WITH 2,(y) =0
Let us be given the Hilbert space

={r= (e T < #ool

Consider the fermion algebra A generated on /?(Z) by the annihilation and
creation operators a'(f), a(f) satisfying

{d'(f)alg)}={flg>= 2 fl2)*&(2)

zel

{a(f), a(g)} = {a'(f), a"(g)} =0
where f and g belong to /%(Z), and
=) flz)a., a,=a(d,)

l-z=x

5Z(x)={ , or o, (0)=e

0 otherwise

Let {U,},., be the space-translation group on the one-dimensional lattice:

I . A
(U NE) = Flx)=fx=y)=5= | do ™ ](6)

Let @ be a linear operator on A defined as follows:

if X is an even Wick monomial

X
oLx]= {—X if X is an odd Wick monomial

and Dg[ -] be a derivation corresponding to a quasifree time evolution
on A:

k—1

ps| et |= £ T et (pevsi T1 a*ts) 1)

j=k+1

where
(p|SfY=e(p) f(p)

Let {y,},.r denote the evolution on A generated by the following equation
of motion:
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ay [X
M Dyl X114 S 267 00X atf)

—{a'(f.) a(£.), v.[X1}]
+ ¥ [2a(g.) O[y,[X1]4'(g.)

zel

—{a(g.)a'(g.), 7.[X1}] (4.2)

XeA, fand gel*(Z).

Definition 4.3. Given a C*-algebra A, {v,},., is called a quantum
dynamical semigroup (q.d.s.) if the following conditions are fulfilled:

1. 7y,is a completely positive map on A for any teR™
2. p,op,=v,,,forany s, seR”*
3. The semigroup is strongly continuous, ie.,

Iy [X]— X —=2"H50 VXeA
4. y(1)=1

Theorem 4.4."9 The rhs of Eq. (4.1) is the generator of a g.d.s. on
A and for f= g the tracial state ¢ is the unique invariant quasifree state
under {y,},.g+ Moreover, any other state on A w*-converges to ¢.

Proof. See Theorems 5.1, 5.2, and 8.1 and Segg. in ref. 10.

Remark. Complete positivity is more than positivity, as it concerns
tensor products of C*-algebras, and turns out to be a necessary property of
those evolutions of finite systems that originate from a coupling with a
reservoir and a subsequent elimination of the unnecessary degrees of
freedom.

This procedure has been claimed to be a description of irreversibility
in quantum systems and fruitfully applied in several fields of interest."""

Lindblad"'? discussed (apart from the fact that he is asking for norm
continuity) a more general class of models. Our examples are exactly those
for which creation operators are mapped into creation operators, and thus
are the generalization of quasifree automorphisms.

Definition 4.5. Let A be the bounded linear operator on /*(Z)
defined by

A=Y 1 f<fd Ol ARy =7 (0)17 h(6) (4.6)

zeZ
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Set
y0)=|f(0)> and C=iS—24: (4.7)
<BIClhYy = [ie(6) — 2(6)] h(6) (4.8)

Denote a*(e“'s,) with a(t), where

(eCz(S )(0) — efs(ﬁ)t42y(6)te7ir9
r

Let {i}£ ({i}2) be a subdivision of p integers into two subgroups of
p—k (k) and k (p— k) elements, both arranged in increasing order.

Let e({i}7) [e({i}£)] be the sign of {i}7 ({i}?) as a permutation of the
initial p integers.

Call
Flopon

the determinant of the matrix

4 e 4

Flk}l Ftkjk—1
3 DY t

Fi1j1 Fll]k i

where
— (O]

1 = 1 .
t de i6(r —s)
Ees 2nf_,, [ 2 |°

Theorem 4.9. Given the ordered Wick monomial

where i, and j, denote points on the lattice, we have
__ P q
7 [X1= Z Y2 elnipe{mi) Flp oy [1 al(n) [T an(n)
k=0 {n}f {"‘}k r=k+1 s=k+1
where
[g, pP1=min{g, p}
{nyr={n < <n,n < <n,nel.,i,)}

{m}zz {m1< e KM, Mg < <mq=mse(jla'--s .]q)}

Proof. See Appendix A.
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Definition 4.10. By duality, {y,},., induces an evolution {y*},.,
on the state space: if @ is a state on A, then

o [X]=yrolX]=wly [X]]

The invariant state ¢, if any, will be called uniformly stable if for any other
state w we have that

lim o, ~¢|=0
1 4+

Remark. The algebra A we are dealing with is a UHF algebra. It is
given by the norm closure of an ascending sequence of matrix subalgebras
M, of increasing dimension 2% ie., those matrix algebras generated by
annihilation and creation operators sitting at the points of a d-point
interval around the origin.

Theorem 4.11. Let a M, subalgebra in the generating sequence
{M ,} be fixed. If y(0) is strictly positive (e.g., a nonzero constant), then the
state obtained by restricting the tracial state ¢ to M, is uniformly stable
with respect to the restriction of any other state @ on A to the same M.
This holds true for any d< +oo together with

X s, — @ sl < e 2'f(d)
if
y = min y(8), fel[—mn n]

Proof. See Appendix B.

Remark. f(d)=6%d! provides for an estimate which is surely non-
optimal and which cannot be extended to cover the case of finite-dimen-
sional subalgebras not contained in any of the M ,. Theorem 4.11 improves
in this simple model the weak* convergence shown by Davies'? insofar as
it gives an explicit bound when w*-convergence and norm convergence
coincide.

Corollary 412, hy(y,M,, f)=0 for any d< +oo and any
O<p<l.

Proof. Since {y,},5, 1s a q.d.s., we can apply the results reported in
the preceding section. Using the subadditivity of the H, functional, where ¢
is now the tracial state, we get

n—1
Hy(M,; yM,,..., Y IM ) < Z H¢(?kMd)
k=0
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Using the uniform estimate of Theorem 4.2, the inequality®
2d
1S, — S, <eln =2
€

when o and & are states on a d-dimensional algebra such that |o — | =g,
and the definition of H,(y*M,), we finally obtain

1 . 1 n—1 - 22d+1
lim— H,(M,,..,y" "M, <lim— dye [ln +2 k}
. nﬁ ¢( d 7 d) Y nﬁngf( ) f(d) y

for N> 1. This limit is zero for any 0 <p.
Corollary 4.13.
hy(y)= sup hy(M,y, f=1)=0

M finite dimensional
Proof. We can apply the non-Abelian analogue of the Kolmogoroff-
Sinai theorem and the result follows simply by Corollary 4.12.

Remark. 1In order to say something about 4,(y, f), we should be able
to manage h4(N, y, f) when N is an arbitrary finite-dimensional subalgebra.
In other words, we should need a control on the stability of the tracial state
¢ with respect to the restriction on any N < A and not only to the matrix
subalgebras M,. This is not necessary for the f=1, since then norm-
equicontinuity in the y*i, maps appearing in the H, functional allows us
to avoid secking a uniform bound for the difference |v,(x)—é(x)| in
Theorem 4.11.

5. ENTROPIC DIMENSION 0<8 <1

In this section we vary the example of Section 4 by allowing that
y(8) =0, somewhere between —7 and n, and we take y(0)=0. We expect
that the entropic dimension is given by the way y(0) tends to zero for 6 -0
compared to the mixing behavior of the norm-preserving part of the
contraction map that is &(f) in the corresponding neighborhood of 6 =0.
For simplicity we fix our initial algebra N = .#, =the 2 x 2 matrix algebra
generated by a, and aj, the annihilation and creation operators at the
origin.

For this matrix we denote:

Definition 5.1. 1 is the tracial state on .#, corresponding to the

density matrix (}9). For an arbitrary state ¢,, ¢,07,°i, corresponds to a

density matrix
(ai,t b )
Pir=\ —
N bi,l l_ai,t
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where a,»,,=¢A,-(y,(a(’§a0)), b,,=¢:(va,)), and ipy=1,,. We obtain the
following results.

Theorem 5.2. Assume that y is the contraction semigroup defined
n (4.3)-(4.5). Assume that ie(8)=if (ie., the shift). Assume that y(8)
approaches 0 as |6 Then

Dur(y)= (0= 2z, a>2

Proof. We are interested in the asymptotic dependence on # of
H,(M,,....y" ') and will control it by finding lower and upper bounds
with the same leading term »*/®*~? for large n.

Lower Bound. From the definition of H, we get a lower bound
just by fixing a decomposition of the invariant state ¢.
We choose

L (=D (af 4+ ay) .
X=Xy = 3 =, =01

k=0

and
&(z’) = ¢(x(i)) -t ¢(x(i) )

Then, due to the orthogonality of §,(8)= e, the tracial state factorizes
such that

el (T (=) )\ L
¢(X(,)) klj[0¢< 2 ) 27

and

(5.3)

(LD @t a))
()= (ST )

The classical part of the entropic functional H, vanishes due to the
factorization, and we remain with

H¢('%19"'7 yn71%1 Z ¢ (1 S(¢.///1 |¢1kO/ Jll

ln 1 n—1

= Z Y. S(tlpi)= —= Z Y S(py )

kOtk kOlk

The entropy S(p) is determined by the eigenvalues of p, which we know
sufficiently explicitly:
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1
aik,kz_
1 r+= —1)%*
bik,kz(_l)lkﬁj d@e"%(e)ki%xk (5.4)
1 x,
P}k’,zkzzi—z—
1 T+xe, 14+x, 1—x, 1—x,
3 k) = - — I —1In2
2%5(;),,(‘,() In2 2bln 3 5 In— n
=0(x;)=0(k =) (5.5)

due to the following result.
Proposition 5.6. Let us assume that y(6) 2°10)* Then,

_ 1 1
_Z kl/oc

T _ k— +
x=oo [ dge POk K
-7

Proof. We choose 6 >0 so small that

1 +3
xk=2_j Cdf e 4 O(e k)
Td_s

(cs is a strictly positive constant depending on J > 0).
Since Y7 _, k~¥*> n™ =2 with ¢> 0 for n large enough, we have

lim n** = D[ H (M s 7" M) — cn™*P*]>0  forsome ¢>0

Upper Bound. We use the upper bound for Hy(A4,,..., y" ')
[(2.1),(2.5)] and are therefore interested in the k dependence of
H¢(Vk'//1\yk_l/%’1)-

Proposition 5.7. Assume that lim y*m = ¢(m) for me .#,. Then
the leading term of H,(y*.#,\y*~'.4,) for large k is given by

sup Y ¢ 1)([lpie— I3~ lpis—r—7l3)
=2 ¢

where || -], is the Hilbert-Schmidt norm.

Proof. See Appendix C.

The eigenvalues of the Hermitian matrix p, , —t are

Ar= £l + 15— al?)'?
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We denote 6£ =e*5, and a(6k) = ay(k),

Hpi,k—TH%— ||Pi,k-1_f||%

=2(1b; 4% — b 1P +ai,—ai,  — ik +@kst)

=2 {I(ﬁi(ao(k))!z— |b:(aok — I)I* + i(aj(k) aolk))®

el = 1) agtl— 1)+ 5 (1= 132 —5 (1= 16527

+ dilal(k) aolk)) (L = 15817) — §:(ag(k — 1) aglk — 1))(1 = (165~ 11%)

o . Bk
+ Gu(ab(k — 1) aglk — 1)) = §,(al(k) ag(k)) + =~ ——

Therefore (5.8)
S 6Dk — 2= 1pies —712)
—2Y 4,1 [M,»(ao(k))lt Gilaok—1)  (Ist term)

+ (Igi(aé(k) ao(k))2 - Jf(aé(k — 1) aglk— 1))2 (2nd term)

N log 1" — Il5’6|4]

1 {(3rd term)

We are now interested in studying the behavior for large & of the
above three terms.

In order to get an upper bound, they should be given independently of
any special decomposition of ¢.

1st Term.
|§: (ao(k))|* — | (ao(k — 1))[?

— §(ao(K)) Bu(ab(k) — al(k — 1)) + §(altk — 1)) § (agth) — aglk — 1))
<1185 — 85" (IoK1 + 185~ = (km) “1p2) _ (k=)

For the last estimate see Proposition 5.9 below.
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2nd Term.

di(af(k) ag(k))* — 4:(af(k ~ 1) ap(k —1))?
= [4:(al(k) ao(k)) + §:(af(k — 1) ag(k — 1))]

x {$i(al(k)[ao(k) — aglk — 1)) + 4;([al(k) — af(k — 1)] ag(k —

< (10812 + 1081 I*)CIS§ | + 16§ 111) 116§ — o5~
— O(k—l/a) O(k—l/Zoc) 0(k73/2o<)
=0k ™)
3rd Term.
FUS5 2= 106 1%)(10% I + 19511%)
— 0(k~(1+a)/:x) O(k—l/o()= 0(k—(2+9<)/a)

From Proposition 5.7 we already know that

k— +o 1
1381 "~
Therefore [|0% — 6%=1{ and ||05 '] — | 6X|| need to be estimated:

Proposition 5.9. Set o> 1; then

”5’6"1“2._ “5/5”2 k-*~+00 (l/k)(1+a)/oz
and

k— +o©

05— o811 TN (1K)

1287

)}

Proof. As was previously done, we can consider a neighborhood of
# =0 so small that y(6) can be identified with |§|* Outside this region the

integral decays exponentially fast with k.
Hence |65~ 1|2 — ||6%||%, for large k, goes like

f” dB e VL4 4107 — 1]~ (k)1 +)=
d

and |6k — 55— 1|* goes like

)
f df e 1K1 + 419" — 202 19F cos 0)
5

8
~[7 dge kgt (k)i a1
—3
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Conclusions. For any decomposition of ¢ into the states ¢, the
first term goes to zero faster than (1/k)¥*, the second one goes to zero
faster than (1/k)**, and the third term goes to zero faster than (1/k)\Z**/=

Evidently the first term is the leading one so that 3 some ¢ such that

lim k[ H(y* )\ y*— ) — ck=**] <0
and

im n*@=9H (M. y" M) <

This proves Theorem 5.1.

Remark. Since we already know the lower bound for H,, we notice
that there must exist a decomposition {g¢;} such that

(6:(ao(k))I? = 16:(aolk — 1))* ~ (1/k)**

We try a decomposition
. 1+b"+5
bir=o(+ 52 )

and take for the normalized function corresponding to b
ei&k—ly(f})kg(g)
{-1

We notice first that g(f) =1 gives the optimal decomposition if we want to
calculate H (7, i,): Using the result of (5.2), we have to evaluate

O(x)= O f185>/11/ 1)

f8)=

so the optimal choice is
f=23§/85l
For evaluating H ,(y* 2 ig\y* " 'oi;) the leading term is given by
L1865 C051 1> = < S1067 15571 f>
= (185 — 857" <61 >+ {186 1< —66 11>

= [ dt, Cenp(~260)1200,) (0, + 5+ ) [ Coxp(~2409)1 26,) b,

+ | 2(62)Texp(—2k03)1 b, | (—iel + 0.0, ) [oxp(—2k0)14(6,) 46,
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The integration with the if term is dominating, but only remains for
g(8)+#1 in the appropriate scaling, which shows how delicate the decom-
position for H,(y*<is\y*~'<i,) has to be.

We return to our initial problem and state the following result.

Theorem 5.10. Assume that y is again the contraction semigroup
of (4.3)-(4.5). Assume that y(8) approaches 0 as |6]* and &(8) approaches 0
as |0|%. Then

11—
9.0 =2 =P

The proof can be found in ref. 13. We have only to vary the ideas to prove
Theorem 5.1: For the lower bound we start with a function so that all e*"f
are orthogonal to each other and thus we control the classical part. The
upper bound remains the same; only the integrals have to be estimated
differently.

To discuss the above result, we observe the following: Our contraction
semigroup can be split into two parts, the pure contraction y(6) and the
automorphism &(f); both let the state converge, y(f) strongly and &(8)
weakly. Nevertheless, in the dynamical entropy they are in competition; -
¢(0) increases the entropy, the better it mixes, while y(6) decreases the
entropy, the faster it lets the state converge. This shows, mentioned in the
introduction, that the relation between the mathematical concept of
dynamical entropy and the physical problem, how a system approaches
equilibrium, needs further investigation.

APPENDIX A

Given the fermionic algebra A on the Hilbert space /*(Z), let us
consider:

(a) An ordered Wick monomial

114" 11 atg)

i=1 j=1
(fi» g; belong to I*(Z) Vi, j).
(b) The bounded operators on [*(Z)

X

A=Y |F,)(F,l, B=1Y |G.>(G,

zeZ zeZ

[F, G belong to /[*(Z) and F.(x)=F(x—z), G,(x)=G(x —z)].

822/53/5-6-18
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Define two bounded linear operators W, [-] and Y,[-1 on A as

follows:

() a4 1 a7 ag,)

i=k+1 j=1

N
f——ﬂ
:jm
w:3H _:j*
§
La__J

Y4

--%
k=1
=3 14" H a(g) alAg) ] alg)

k=1 i=1 Jj=k+1

y,,[ﬁ atg) 11 a*(ﬁ)]

j=1 -

(A1)

i=1

k

l

[ a(g)atpen) 11 ate) 1140

j=k+1

™
Jr:j

k

“é

ag) I ' () a' B ]

i=1 i=k+1

a)  (A2)

w:ja

Let D[ -] be the generator of the free evolution on A, i.e

05| T a'(r) ﬁ a(g,,]

=1 Jj=

=% TLaUyasiy 11 a0 1] als)

i=k+1 j=1

k—1

k
+i _l_[ a'(f) [1 alg)) aliSgy) ﬁ a(g;) (A3)

Jj=1 J=k+1

In ref. 10 it is shown that
LIX]=Ds[X]+ W, [X]+ Yp[X]

is the generator of a quantum dynamical semigroup {y,},-, on A which
actually coincides with that introduced in Section 4. Set

C=iS—A—~B, By,=B+B'

t
Fy= | dsef, Bucg).  [g pl=ming, p}
Given p (g) integers in increasing order, {i}f ({j}¢) indicates the per-
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mutation obtained by grouping together p—k (k) and k (g — k) elements,
respectively, and arranging them in increasing order:

= (gt By Fpeeny D) By < ooe <y B <o <y
{j}zz(jl:-"sjk’jk+1,---ajq): Ji< o <Jio Jee1< o <y
e({i}£) and e(_{]_'}z) are the signs of the corresponding permutations. Let
Flop

be the determinant of

J

1 ¢
szn o ka Tk
1 !
th Fll]k

and set
Flogm=1

The proof of the statement of Theorem 4.1 consists of two steps.
First we show that

=3 Tlatan 1 @)l ag
+ 3 n a'() Ha(g,—)a(Cgk>_ﬁ
+ T A0 B ot [Tats) (a0

({73

Then we show that

7. [X]= Z z e({i}0) e({730) Flope Ty
{7}

k=0

~
eed

X H a'(e“’f,) li[ a(e“'g,) (A.5)

r=k+1 s=k+1

satisfies the evolution equation

d p—
—7.[X]=L[n[X1]
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Although not very complicated, the proof is rather long and tedious. We
skip most of the details and sketch the main lines.
Taking (A.4) for granted, we find that (A.5) is true just by comparing

Lg.p1 _ p g N
T Y AT Py [ @) T1 ae,)

k=0 (i} UM r=k+1 s=k+1 A6)

which comes out from dy,[ X']/dt, with

¥y . 0770 Flog

k=0 {i}f {7}

P 9
X{ Z Z a(ik+l""’ ipain)s(jm7jk+l>""jq)

n=k+1 m=k+1

Cffl 3 BOECIglm) 1_[ C{f ) H e g]_v } (A—/)
r=k+1 s=k+1
which we get by applying L[ -] to y,[X]. [The primes mean that a'(e“’f;,)
and a(e“g,) are to be removed from []7_,,, a'(e“f,) and
[19_,. 1 a(e“g;), respectively.]
Observe that the sum in (A.6) starts from k=1 due to the definition of

L

R
and that the sum in (A.7) ends with k=[g, p]—1 due to (A.4).

After setting k=¢+ 1 in (A.6) and fixing in both formulas the coef-
ficients of equal products

[T aer) 1 aes,)

a=k+2 b=k+2

(A.5) is a consequence of

d
C _ I3
(e“’f., Boe“'g;.) =% £,

and
k+1 k+1

Flop 071, = 2 2 &Fns P T 1) (S 1es Sk 15 Sm)

n=1 m=1

SH

(ecff‘r,ﬁ BOECtgsm) Ffr}f;hmz«x

(the primes mean that the r, row and the s,, column are to be removed
from the matrix).
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To prove (A.4), we notice that, due to (A.2), we have to show that

rx) =1, 1 a*(f,-)} [ ate)+ (100 ¥a| T ats)|

i=1

P q
+ Y Y e} eI Bogy) [T a'(f) I alg,)  (A8)
{}1 {1}1 r=2 s=2
To this purpose, we proceed by induction. We want to get that

[Ij jHl g,)ﬁa*(fp+/)]

I=1

_ YB[ﬁ ()| I ate) [T 7

i=1

Tany [Ifla(gif[a(f,,ﬂ)
+H lj[ a(g) Y [lf[ p+:]

FY Y el a0 Bogy)

m

<[] a'( fl at) [T 'y (A9)

for any me N.

This holds for p=1, because we can bring a'(f;) to the right of
[12.,a(g,), apply Y[-] according to (A.2), and then replace the first
creation operator to the left of the product of annihilation operators.

Doing this, we obtain many terms because of the anticommutation
relations.

Most of them cancel each other and we finally remain with the
required expression.

Once we assume (A.9) to be valid for p=n—1, showing that it also
holds for p =r involves the same trick applied to the nth creation operator
on the left of JT7_, a(g;).

Formula (A.9) implies (A.8), since we are free to choose m, ie., the
number of creation operators standing at the right of []7_, a(g)).

APPENDIX B

Let us consider the matrix algebra M, generated by creation and
annihilation operators located at the points in an interval of size d around
the origin.
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Let us indicate with (i), an increasing sequence of k points chosen
among those of the given interval and use {af,q;} =9, to write any
element X belonging to M, as follows:

d d
X=Cot+ 3 X Capoaf-af+ 3 Y Cony,ay

k=1 () k=1 ()
d d

+ 2 Y 2 Y Cupalala,-a, (BI)
p=1 ¢=

L)y ()
Due to Appendix B and with ¢ the tracial state, we make the following
observations that enable us to control

q

lv.[a}---aja,---a,]—d(af---ala;---a,)l (B2)
Observations.
B2i.
ar(y=a*(e,), o6(0)=e "™

1 r=
“a’#(t)nzzﬁf 40 o~ O < o=

[either y=y(8) or y=min_, 4. 7(8)].

B2ii. The symbols {r}2, {s}¢ appearing in the explicit expression of
'})I[a;_i .. a};a]_ PN ajq]

are the permutations of the numbers i;,.., i, and j,.., i, respectively,
which have been defined in Appendix A. We have (£) and (#) of such
permutations, respectively.

B2iii. If y(0)=7 >0, then
] ! s 'S 51‘,' — 4yt
F,-J:jods(ecéi,Boecéj)=7’(1—e ")

and
FrkSl e F”kfk
Flppp=det| ~
Ft U

181 1Sk

is zero unless r;=s,, i=1,.., k. In that case

1 1
\Fing ol =58 (1—e” ™) <5
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B2iv. If y(6) is not constant but has a positive minimum 7, then

2 1 p+7 .
[ — _ 0(r—s),—4y(0)¢
Fr_y [5r,s . J._n dbe e =% J

and

Furthermore, when {r}?7 differs from {s}? we get

— 4yt

, p!
|F{r);;,m;;| < T

B2v. If {r}z={s}2, then
iF{ p{ ¢(a1’ arl ’ arp)l

P
e 4yt

> when y(0)=y

! : . . .
% e " when 7y() has positive minimum

Taking into account the above B2i-B2v, we can now discuss the
various cases:

B3i. p#q:
“yt[a lp ]1 a ] ¢(a zp j1 )H
< [qif}] Z Z I i —2y(p+q—2k)t
S 2 iy e
k=0 {r}f Ts}{

Le.p1 | N/ q 3\ 4
< — 2yt - < ‘ - — 2yt
ey 2k<k><k> 4 <2> ¢

B3ii. p=g, (i), # ()),
”yt[all zp ]1 a } ¢(a lp ]1 a]p)”

p—1 Zk! 1 3 d
p —ayrp—k) L PP a4y oyt
< A —ayi(p 2|2 y
Y (k) 5x ¢ +2pe d <2>> e

k=0
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B3iii. p=g, (i),=(j),

Iy Lay--afa, a1~ a}---ala,-a,)l

=1 1 3\
Z (i)?e_@(pk)r+2£p_e—4vt<e—4wd(_2_> y(0) =y

< k=0
=T
Sk P\, p! 3\
i o=k L = g f 2 —dve L. i =
k§02k<k> ¢ Tl s <2) e R 0=y

Due to the fact that we have 47 coefficients Cy;y, (5., C,.0- and Cq
each bounded in modulus by | X||, we conclude that

g2

d d
nv,[X]~¢[X]n<{z S 1Copol+ 3 (Cond

k=1 (ix k=1 (jk

d d 3 d
+2 X XY iC(z‘»«j)J}(‘j) dle ™

p=1 g=1 (i)p (j)q

<6%dl e | X (B3)

APPENDIX C

Fix the subalgebra N to be M, ie., the subalgebra supported by a
d-points interval around the origin. It is a2 29 x 2 matrix algebra and the
tracial state ¢ restricted to it is represented by the density matrix
1=1.279

Let p, denote the density matrix ¢,-y*|y, and p, the density matrix

k—1
Pioy [N
Use the integral representation

+ o 1 1
xlnx:f da(x —X )
0 14+o x+a

to get

S(@lnldiov 1) —S(@lw]diory =)
=S(tlp1)—S(t}p,)

_Trjmda( L, 1t ) (Ct)
T p2a+p2 ploc+p1




Kinetic Theory of Time Correlation Functions 1297
Since we know that p,; and p, tend uniformly to 7 with &, we can fix KeN

to be > 1 and for k = K consider the expansion

1 1
SEEIPEEE:

piOC-f-Pl-:

17 1 1
-0, 1— o —(p,— 2_ ...
p’oc—l—r{ fx+r(p’ 1:H_(Ot+1:)2(p v }

T T T 5

=a+r"a+r(Pf—T)+m(Pi—T)
! Lot - (C2)
+a+rfﬂi‘f)—m Pi

Since p,— 1 is Hermitian,
Tr[p,— 1" = lp:— <l

where ||-||,, indicates the nth norm. Note that |||, is the Hilbert—Schmidt
norm and ||-f,< |-, < - <|-1,< ||, for n=m. This and the uniform
convergence argument quoted above allow us to state

S(tlp,)—S(zlps)
=2"Ylpy =3 = lp2—13) + OUlpi — I3, o2 —213)  (C3)
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